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Abstract
In this paper we derive “normal forms” for the deﬁning equations of recursive towers of
function ﬁelds over ﬁnite ﬁelds, under certain weak hypotheses. Specially interesting are the
cases of towers of Kummer type and towers of Artin–Schreier type.
© 2005 Elsevier Inc. All rights reserved.
1. Introduction
The interest in solutions of polynomial equations over ﬁnite ﬁelds has a long history
in mathematics, going back at least to C.F. Gauß. When the polynomial equations
deﬁne an absolutely irreducible algebraic curve (projective and nonsingular), we have
the famous theorem of A. Weil bounding the number of solutions with all coordinates
in a ﬁnite ﬁeld, in terms of the genus g of the curve and of the cardinality q of the
ﬁnite ﬁeld. Denote by Nq(g) the largest number of rational points over the ﬁnite ﬁeld
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Fq on an irreducible curve (projective and nonsingular) deﬁned over Fq with genus g.
Then we have the following bound (the so-called Hasse–Weil upper bound):
Nq(g)q + 1 + 2√q · g. (1.1)
Ihara noticed that this bound can be improved signiﬁcantly if the genus of the curve
is large; he introduced the quantity A(q) in order to study the asymptotics of curves
over a ﬁxed ﬁnite ﬁeld Fq :
A(q) := lim sup
g→∞
Nq(g)
g
.
From inequality (1.1) we clearly have A(q)2√q. The best upper bound known for
A(q) is the so-called Drinfeld–Vladut bound, see [5]:
A(q)√q − 1. (1.2)
To deal with the quantity A(q), one considers towers of curves or of function ﬁelds
over ﬁnite ﬁelds, specially recursive towers (see Deﬁnition 2.2).
The aim of this paper is to show how to transform the deﬁning equation of a recursive
tower of function ﬁelds
f (Y ) = g(X) with rational functions f (T ), g(T ) ∈ Fq(T )
obtaining another deﬁning equation for the same tower
f˜ (Y ) = g˜(X),
where the rational functions f˜ (T ), g˜(T ) ∈ Fq(T ) have very special forms (see Theorems
4.3, 5.2, 6.2, 6.4 and 7.3).
Our results can be considered as a way of classifying recursive towers over the ﬁeld
Fq . They are also a ﬁrst step in tackling the “fantasia” of N. Elkies which states that
every recursively deﬁned tower which attains the Drinfeld–Vladut bound is modular,
see [6]. Finally, we hope that our results will lead to the discovery of new examples
of asymptotically good towers.
2. Preliminaries
Let Fq denote the ﬁnite ﬁeld of cardinality q. An algebraic function ﬁeld F/Fq is a
ﬁnite algebraic extension of the rational function ﬁeld Fq(t). We will always assume
implicitly that the ﬁeld Fq is algebraically closed in F; i.e., the only elements of F
which are algebraic over Fq are the elements of Fq . We denote by g(F ) the genus of
the function ﬁeld F and by N(F) the number of rational places (i.e., places of degree
one) of F/Fq .
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Deﬁnition 2.1. A tower of function ﬁelds over Fq is an inﬁnite sequence F = (F0, F1,
F2, . . .) of function ﬁelds Fn/Fq having the following properties:
(1) F0 ⊆ F1 ⊆ F2 ⊆ · · ·, and for all n0 the extension Fn+1/Fn is separable of
degree [Fn+1 : Fn] > 1.
(2) For some r0 the function ﬁeld Fr/Fq has genus g(Fr) > 1.
Observe that g(Fn) → ∞ as n → ∞; this follows easily from conditions (1) and (2)
using the Hurwitz genus formula (see [12, Theorem III.4.12]).
Of particular interest are “asymptotically good” towers F = (Fn)n0 over Fq , which
means that each function ﬁeld Fn has many rational places compared to its genus. To
make this deﬁnition precise, we ﬁrst remark that for any tower F = (Fn)n0 over Fq
the limit
(F) := lim
n→∞
N(Fn)
g(Fn)
exists (see [7]). From the Drinfeld–Vladut bound (1.2) we derive (F)√q − 1. The
tower F is said to be asymptotically good (resp. asymptotically bad) if (F) > 0 (resp.
(F) = 0).
We say that a tower F = (Fn)n0 is given explicitly if there are given elements xi ∈
Fi and polynomials 0 = i (T ) ∈ Fi[T ] such that Fn+1 = Fn(xn+1) and n(xn+1) = 0,
for all n0. It is a non-trivial problem to provide explicitly given asymptotically good
towers. Most examples to be found in the literature are of the following type, cf.
Section 3.
Deﬁnition 2.2. Let F = (Fn)n0 be a tower of function ﬁelds over Fq , and let
f (T ), g(T ) ∈ Fq(T ) be two separable rational functions with coefﬁcients in the ﬁeld
Fq . We say that the tower F can be described recursively by the equation
f (Y ) = g(X) (2.1)
if there are elements xi , for all i0, such that the following holds:
(1) F0 = Fq(x0) is the rational function ﬁeld.
(2) Fn+1 = Fn(xn+1) and f (xn+1) = g(xn), for all n0.
(3) [Fn+1 : Fn] = deg f (T ), for all n0.
Recall that the function f (T ) is called separable if f ∈ Fq(T p), where p denotes
the characteristic of Fq , and also recall that the degree of a rational function f (T ) =
a(T )/b(T ), with relatively prime polynomials a(T ), b(T ) ∈ Fq [T ], is deﬁned as deg
f (T ) = max{deg a(T ), deg b(T )}.
Deﬁnition 2.3. If the tower is recursively described by Eq. (2.1), we say that F
is an (f, g)-tower over Fq , and we deﬁne the corresponding basic function ﬁeld of
Eq. (2.1) as
F := Fq(x, y) with f (y) = g(x). (2.2)
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Note that the extensions F/Fq(x) and F/Fq(y) are separable and that Fq is algebraically
closed in F by our general assumption. Moreover, deﬁning for convenience z := f (y) =
g(x) we have Fq(z) = Fq(x) ∩ Fq(y) and
[F : Fq(x)] = [Fq(y) : Fq(z)] = deg f (T ),
[F : Fq(y)] = [Fq(x) : Fq(z)] = deg g(T ).
Let A =
(
a b
c d
)
∈ GL(2, Fq) (i.e., a, b, c, d ∈ Fq and ad = bc), and let u be an
element in some extension ﬁeld of Fq , with cu + d = 0. Then we set
A · u := au + b
cu + d .
If the tower F = (Fn)n0 is described recursively by the equation f (Y ) = g(X), we
can perform a transformation of the variables x0, x1, . . . by setting xi = A · x˜i , for all
i0. It is then clear that F0 = Fq(x˜0) and Fn+1 = Fn(x˜n+1), and that the functions x˜i
satisfy the equation
f˜ (x˜n+1) = g˜(x˜n), with f˜ (T ) := f (A · T ) and g˜(T ) := g(A · T ). (2.3)
This means that the tower F can also be described recursively by the equation f˜ (Y ) =
g˜(X).
A necessary condition for an (f, g)-tower F to be asymptotically good is that
deg f (T ) = deg g(T ), see [8]. There are, however, more delicate restrictions: the ram-
iﬁcation behavior of the two extensions F/Fq(x) and F/Fq(y) (where F = Fq(x, y) is
the corresponding basic function ﬁeld) should be “similar”. For a precise formulation
of this statement see [1]. In Sections 4–7 we will show that—under rather weak as-
sumptions about ramiﬁcation in the extensions F/Fq(x) and F/Fq(y)—an (f, g)-tower
F can be described recursively by an equation f˜ (Y ) = g˜(X), where f˜ (T ) and g˜(T )
have a very special form.
3. Examples of recursive towers
In this section we assemble a list of known examples of asymptotically good (f, g)-
towers over Fq . These examples serve as motivation and illustration for our results in
Sections 4–7.
Example 3.1 (Garcia and Stichtenoth [9], Garcia et al. [10]). Let m2 and gcd(m,
q) = 1, and let a, b, c ∈ Fq\{0}. Then the equation
Ym = a(X + b)m + c (3.1)
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recursively deﬁnes a tower F1 of function ﬁelds over Fq ; we call F1 a tower of
Fermat type. For various choices of q,m, a, b, c such towers provide examples for
many phenomena that can occur in the theory of recursive towers. For example, some
towers of Fermat type are completely splitting, some have ﬁnite ramiﬁcation locus,
others have inﬁnite ramiﬁcation locus (for precise deﬁnitions see [9, Section 2]). Among
the towers of Fermat type there are asymptotically good and also asymptotically bad
towers. Particularly interesting are the following two cases of asymptotically good
towers, whose limits attain the Drinfeld–Vladut bound (F) = √q − 1, see [10]:
Y 3 = (X + 1)3 + 1 over F4, (3.2)
Y 2 = −(X + 1)2 + 1 over F9. (3.3)
Example 3.2. For any prime power q = p2s ≡ 1 mod 2, the equation
Y 2 = X
2 + 1
2X
(3.4)
deﬁnes an asymptotically good tower F2 over the ﬁnite ﬁeld Fq . Over the ﬁnite ﬁeld
Fp2 (p an odd prime) this tower attains the Drinfeld–Vladut bound (F2) = p − 1, see
[9]. Some other examples of interesting towers deﬁned by a quadratic equation
Y 2 = g(X) with g(X) ∈ Fq(X) and deg g(X) = 2 (3.5)
are given in [6,9].
Example 3.3 (Elkies [6], Wulftange [13]). For some values of q and m (with gcd(m, q)
= 1), the equation
Ym = 1 −
(
X
X − 1
)m
(3.6)
deﬁnes an asymptotically good tower F3 = (F0, F1, F2, . . .) over Fq . The interesting
feature here is that this tower F3 is unramiﬁed over the third ﬁeld F2 in the tower.
Example 3.4 (Elkies [6]). Let p be a prime number, p = 5, and consider the polyno-
mial f (T ) = T 5 + 5T 3 − 5T − 11 ∈ Fp[T ]. Then the equation
f (Y ) = 125
f
(
X + 4
X − 1
) (3.7)
deﬁnes a tower F4 over Fp2 whose limit attains the Drinfeld–Vladut bound; i.e., we
have (F4) = p − 1.
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Example 3.5 (Garcia and Stichenoth [7]). For any prime power q, the equation
Yq + Y = X
q
Xq−1 + 1 (3.8)
deﬁnes an asymptotically good tower F5 over Fq2 , whose limit attains the Drinfeld–
Vladut bound.
Example 3.6 (van der Geer and van der Vlugt [11]). The equation
Y 2 + Y = X + 1 + 1
X
(3.9)
deﬁnes an asymptotically good tower F6 over the ﬁeld F8. Its limit is given by (F6) =
3/2. This tower was the ﬁrst known explicit example of a tower over a ﬁeld Fq with
non-square cardinality whose limit is large. In fact, its limit attains Zink’s bound, see
[14].
Example 3.7 (Bezerra and Garcia [3]). The equation
Y − 1
Yq
= X
q − 1
X
(3.10)
deﬁnes a tower F7 over the ﬁeld Fq2 whose limit attains the Drinfeld–Vladut bound.
For the corresponding basic function ﬁeld F = Fq2(x, y), both extensions F/Fq2(x)
and F/Fq2(y) are non-Galois for q > 2.
Example 3.8 (Bezerra et al. [4]). The equation
1 − Y
Yq
= X
q + X − 1
X
(3.11)
deﬁnes an asymptotically good tower F8 over the ﬁeld Fq3 . This interesting tower gener-
alizes Example 3.6 to arbitrary cubic ﬁelds. Its limit satisﬁes Zink’s bound
(see [14]):
(F8) 2(q
2 − 1)
q + 2 .
As in Example 3.7, the extensions F/Fq3(x) and F/Fq3(y) in the corresponding basic
function ﬁeld F = Fq3(x, y) are non-Galois for q > 2.
Deﬁnition 3.9. Given an (f, g)-tower F over Fq , we deﬁne its dual tower G as the
tower recursively given by the equation
g(Y ) = f (X);
i.e., by interchanging the variables X and Y (see [1]).
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It is clear that an (f, g)-tower F and its dual G have the same limit (F) = (G).
As an example of this concept we consider below the dual tower of the tower in
Example 3.6.
Example 3.10. The dual tower G of the tower F6 in Example 3.6 is deﬁned by the
equation
Y + 1 + 1
Y
= X2 + X. (3.12)
The substitution Y = (Y˜ + 1)/Y˜ and X = (X˜ + 1)/X˜ transforms Eq. (3.12) into the
equation Y˜ 2 + Y˜ = X˜2/(X˜2 + X˜ + 1). Hence the tower G can also be described by the
equation
Y 2 + Y = X
2
X2 + X + 1 . (3.13)
Considering the examples above, we make the following interesting observation:
Observation 3.11. We remark that all deﬁning equations f (Y ) = g(X) for the towers
given in Examples 3.1–3.10 can be written in the form
f (Y ) = A · f (B · X) with A,B ∈ GL(2, Fq). (3.14)
This remark is obvious for the towers given in Examples 3.1, 3.3 and 3.4. In Example
3.5 we have f (Y ) = Yq + Y and
g(X) = X
q
Xq−1 + 1 = A · f (B · X) with A = B =
(
0 1
1 0
)
.
The proof of this remark in the other examples is left to the reader; we will come back
to Observation 3.11 in Section 4.
4. Transformations of the deﬁning equation of a recursive tower
In this section we study the effect of variable transformations on the deﬁning equation
of a recursive tower. The following result is crucial.
Theorem 4.1. Let F be a tower of function ﬁelds over Fq which can be described
recursively by the equation f1(Y ) = g1(X), with rational functions f1(T ),g1(T ) ∈
Fq(T ). Denote by F = Fq(x, y) the corresponding basic function ﬁeld and set z :=
f1(y) = g1(x) ∈ F . Suppose that f (T ), g(T ) ∈ Fq(T ) are rational functions with the
following properties:
(1) deg f (T ) = deg f1(T ) and deg g(T ) = deg g1(T ).
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(2) There exist elements x and y in the ﬁeld F such that Fq(x) = Fq(x), Fq(y) = Fq(y),
f (y) ∈ Fq(z) and g(x) ∈ Fq(z).
Then the tower F can also be described recursively by an equation of the form
f (Y ) = A · g(B · X)
for suitable matrices A,B ∈ GL(2, Fq).
Proof. It is clear from (1) and (2) that Fq(z) = Fq(f (y)) = Fq(g(x)). Hence there
exists a matrix A ∈ GL(2, Fq) such that
f (y) = A · g(x).
We write y = C · y and x = D · x with C,D ∈ GL(2, Fq). Then
f (C · y) = A · g(D · x) = A · g((DC−1) · (C · x)).
Setting B = DC−1, y˜ = C · y and x˜ = C · x, we see that
f (y˜) = A · g(B · x˜). 
The observation at the end of Section 3 shows that many interesting towers can be
deﬁned by an equation of the form f (Y ) = A · f (B ·X). This motivates the following
deﬁnition.
Deﬁnition 4.2. Let f (T ) ∈ Fq(T ) be a rational function. A tower F of function ﬁelds
over Fq is called an f-tower if there exist matrices A,B ∈ GL(2, Fq) such that F can
be described recursively by the equation f (Y ) = A · f (B · X).
All towers in Examples 3.1–3.10 are in fact f-towers for an appropriate choice of the
rational function f (T ). We have the following immediate consequence of Theorem 4.1:
Theorem 4.3. Let F be a tower of function ﬁelds over Fq which can be described
recursively by the equation f1(Y ) = g1(X) with f1(T ), g1(T ) ∈ Fq(T ). Let F =
Fq(x, y) be the corresponding basic function ﬁeld and set z := f1(y) = g1(x) ∈ F .
Suppose that f (T ) ∈ Fq(T ) is another rational function with the properties:
(1) deg f (T ) = deg f1(T ) = deg g1(T ).
(2) There exist elements x and y in the ﬁeld F such that Fq(x) = Fq(x), Fq(y) = Fq(y),
f (x) ∈ Fq(z) and f (y) ∈ Fq(z).
Then the tower F is an f-tower; i.e., it can be described recursively by
f (Y ) = A · f (B · X)
for suitable matrices A,B ∈ GL(2, Fq).
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In Sections 5–7 we will apply Theorems 4.1 and 4.3 in speciﬁc cases; in particular
we will consider the case where both extensions F/Fq(x) and F/Fq(y) are Galois
extensions.
5. Towers of Kummer type
Let F be an (f, g)-tower of function ﬁelds over Fq and denote by F = Fq(x, y) the
corresponding basic function ﬁeld. Here we investigate the case where both extensions
F/Fq(x) and F/Fq(y) are Galois extensions of degree m, with m relatively prime to q.
Lemma 5.1. Let Fq(u) ⊇ Fq(z) be an extension of rational function ﬁelds of degree
[Fq(u) : Fq(z)] = m > 1 with m | (q − 1). Then the following conditions are equivalent:
(i) The extension Fq(u)/Fq(z) is Galois, and there exists a rational place of Fq(z)
which is totally ramiﬁed in Fq(u).
(ii) At least two places of Fq(z) are totally ramiﬁed in the extension Fq(u)/Fq(z).
(iii) There is an element u˜ ∈ Fq(u) such that Fq(u˜) = Fq(u) and u˜m ∈ Fq(z).
If one (and hence all) of the three conditions above holds, then the Galois group of
Fq(u)/Fq(z) is cyclic, exactly two rational places of Fq(z) are totally ramiﬁed and all
other places of Fq(z) are unramiﬁed in the extension Fq(u)/Fq(z).
Proof. (i) ⇒ (ii): Let P be a rational place of Fq(z) which is totally ramiﬁed, and let
P1, . . . , Pr be the other places of Fq(z) which are ramiﬁed in the extension Fq(u)/Fq(z).
Denote by ej the ramiﬁcation index of Pj in Fq(u)/Fq(z) and by deg Pj the degree of
the place Pj , for j = 1, . . . , r . Since ramiﬁcation is tame, the Hurwitz genus formula
for the extension Fq(u)/Fq(z) gives
−2 = −2m + (m − 1) +
r∑
j=1
m
ej
· (ej − 1) · deg Pj ,
hence
r∑
j=1
(
1 − 1
ej
)
· deg Pj = 1 − 1
m
.
Since 1/ej 1/2, we obtain
1 > 1 − 1
m

r∑
j=1
deg Pj
2
,
and therefore r = deg P1 = 1 and e1 = m. This proves item (ii).
(ii) ⇒ (iii): Let P1, Q1 be places of Fq(z) which are totally ramiﬁed in the extension
Fq(u)/Fq(z), and denote by P (resp. Q) the place of Fq(u) lying above P1 (resp. Q1).
As above it follows from the Hurwitz genus formula that the places P1 and Q1 (hence
also the places P and Q) are rational places. In a rational function ﬁeld, any divisor
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of degree 0 is principal, hence we can ﬁnd elements u˜ ∈ Fq(u) and z˜ ∈ Fq(z) with
principal divisors
(u˜)Fq (u) = P − Q and (z˜)Fq (z) = P1 − Q1.
Above we have denoted by (t)E the principal divisor of the function t in the function
ﬁeld E. It follows that
(u˜m)Fq (u) = mP − mQ = (z˜)Fq (u),
and hence u˜m = c · z˜ with 0 = c ∈ Fq . The element u˜ is a generator of the function
ﬁeld Fq(u), since its pole divisor has degree one. We have thus proved item (iii).
(iii) ⇒ (i): Observing that the ﬁeld Fq contains the mth roots of unity, this implication
is obvious: the automorphisms of the extension Fq(u)/Fq(z) are given by (u˜) =  · u˜
with m = 1, and the zero of u˜ is totally ramiﬁed in the extension Fq(u)/Fq(z). 
Now we come to the main result of this section.
Theorem 5.2. Let F be an (f1, g1)-tower of function ﬁelds over Fq and denote by F =
Fq(x, y) the corresponding basic function ﬁeld. Suppose that the following conditions
hold:
(1) deg f1(T ) = deg g1(T ) = m and m divides (q − 1).
(2) Both extensions Fq(x)/Fq(g1(x)) and Fq(y)/Fq(f1(y)) satisfy the equivalent condi-
tions (i)–(iii) of Lemma 5.1.
Then F is an f-tower with f (T ) = T m. More speciﬁcally, the tower F can be described
recursively by an equation of the form
Ym = a(X + 1)
m + b(X + )m
c(X + 1)m + d(X + )m (5.1)
with a, b, c, d,  ∈ Fq ,  = 1 and ad = bc.
Proof. By Theorem 4.3 and Lemma 5.1, the tower F is an f-tower with f (T ) = T m.
This means that F can be described recursively by an equation
Ym =
a1
(
1X + 1
1X + 1
)m
+ b1
c1
(
1X + 1
1X + 1
)m
+ d1
= a1(1X + 1)
m + b1(1X + 1)m
c1(1X + 1)m + d1(1X + 1)m
(5.2)
with a1d1 = b1c1 and 11 = 11.
We ﬁrst consider the case where 1 = 0 and 1 = 0. Then it follows that 1 = 0 or
1 = 0, and we can assume that 1 = 0. Substituting Y = −11 1Y˜ and X = −11 1X˜
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we obtain
(
1
1
)m
Y˜m = a1(1X˜ + 1)
m + b1(−11 11X˜ + 1)m
c1(1X˜ + 1)m + d1(−11 11X˜ + 1)m
,
hence
Y˜ m = a(X˜ + 1)
m + b(X˜ + )m
c(X˜ + 1)m + d(X˜ + )m . (5.3)
It is clear that  = 1 and ad = bc, since otherwise Eq. (5.3) is not absolutely irre-
ducible.
Next we consider the case where 1 = 0 or 1 = 0 in Eq. (5.2). We can assume that
1 = 0 and 1 = 0, and then Eq. (5.2) takes the form
Ym = a2(X + 2)
m + b2
c2(X + 2)m + d2
with a2, b2, c2, d2, 2 ∈ Fq . (5.4)
Suppose that 2 = 0; then Eq. (5.4) can be written as Ym = C · Xm with a matrix
C ∈ GL(2, Fq). For the functions x0, x1, x2, . . . in the tower F = (F0, F1, F2, . . .) this
means that
xm1 = C · xm0 , xm2 = C · xm1 = C2 · xm0 , . . . , xmn = Cn · xm0
for all n1. Since GL(2, Fq) is a ﬁnite group, we have Cn = id for some n1, and
therefore xmn = xm0 , xmn+1 = xm1 , etc. It follows that we have the equalities Fn−1 =
Fn = Fn+1 = · · ·, a contradiction. We have thus shown that 2 = 0 in Eq. (5.4). The
substitution X = 2/X˜ and Y = 2/Y˜ then transforms Eq. (5.4) into
Y˜ m = a3(X˜ + 1)
m + b3X˜m
c3(X˜ + 1)m + d3X˜m
which has the form as in Eq. (5.1). 
We remark that Eq. (5.1) can also be written as
f (Y ) = A · f (B · X) with f (T ) = T m, A =
(
a b
c d
)
, B =
(
1 1
1 
)
,
where ad = bc and  = 1.
A tower F which can be recursively described by Eq. (5.1) is called a tower of
Kummer type, since both extensions F/Fq(x) and F/Fq(y) are Kummer extensions,
where we again denote by F = Fq(x, y) the corresponding basic function ﬁeld. This
class of towers contains the towers of Fermat type (see Example 3.1) and some other
towers discussed in Section 3 (see Eqs. (3.4)–(3.6)).
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6. Towers of Artin–Schreier type
Some of the examples of towers in Section 3 are described recursively by an equation
of the form Y +aY = g(X), where  is a power of p = char(Fq), and with 0 = a ∈ Fq
and g(X) ∈ Fq(X). In this section we will discuss equations of this type. Let p =
char(Fq) denote the characteristic of Fq . Recall that a monic polynomial ℘(T ) ∈ Fq [T ]
of the form
℘(T ) =
r∑
i=0
aiT
pi with ai ∈ Fq and ar = 1,
is called an additive polynomial over Fq . It is separable if and only if a0 = 0 (since
its derivative is ℘′(T ) = a0). A ﬁnite ﬁeld extension E/F with F ⊇ Fq is called
an Artin–Schreier extension if there exists an element u ∈ E with E = F(u) whose
irreducible polynomial over F has the form h(T ) = ℘(T ) − z, with z ∈ F and ℘(T )
a separable additive polynomial over Fq .
The following lemma is an analogue to Lemma 5.1.
Lemma 6.1. Let Fq(u) ⊇ Fq(z) be an extension of rational function ﬁelds of degree
[Fq(u) : Fq(z)] = pr , with p = char(Fq) and r1. Then the following conditions are
equivalent:
(i) The extension Fq(u)/Fq(z) is Galois.
(ii) There is an element u˜ ∈ Fq(u) with Fq(u) = Fq(u˜) and a separable additive
polynomial ℘(T ) ∈ Fq [T ] of degree deg ℘(T ) = pr such that ℘(u˜) ∈ Fq(z) and
all roots of ℘(T ) = 0 are in Fq .
If one (and hence both) of the conditions above holds, then the Galois group of
Fq(u)/Fq(z) is elementary abelian of type (p, . . . , p), exactly one rational place of
Fq(z) is totally ramiﬁed in Fq(u)/Fq(z) and all other places of Fq(z) are unramiﬁed in
Fq(u). Moreover, the irreducible polynomial over Fq(z) of the element u˜ in condition
(ii) above is h(T ) := ℘(T ) − w with w ∈ Fq(z) and Fq(z) = Fq(w).
Proof. (i) ⇒ (ii): We assume that the extension Fq(u)/Fq(z) is Galois of degree pr
and denote by Gal(Fq(u)/Fq(z)) its Galois group. First we show that there is ex-
actly one place of Fq(z) which ramiﬁes in Fq(u). Suppose this is wrong. Then at
least two places P0 = Q0 of Fq(z) are ramiﬁed in the extension Fq(u)/Fq(z). De-
note by P1, . . . , Pn (resp. Q1, . . . ,Qm) all places of Fq(u) lying above P0 (resp.
Q0), and by e(Pi) (resp. e(Qj )) the ramiﬁcation index of Pi (resp. Qj ) in Fq(u).
Since all ramiﬁcation is wild, the different exponents of Pi |P0 satisfy d(Pi |P0)e(Pi)
and similarly d(Qj |Q0)e(Qj ). Now the Hurwitz genus formula for the extension
Fq(u)/Fq(z) gives
−2  −2pr +∑ni=1 e(Pi) · deg Pi +∑mj=1 e(Qj ) · deg Qj
= −2pr + pr · deg P0 + pr · deg Q0
 0,
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a contradiction. It follows that exactly one place P0 of Fq(z) is ramiﬁed in Fq(u) and
that deg P0 = 1; i.e., P0 is a rational place. It is now easily seen that the place P0
is totally ramiﬁed in the extension Fq(u)/Fq(z) (otherwise, by Hilbert’s ramiﬁcation
theory, there would exist an intermediate ﬁeld Fq(z)EFq(u) such that E/Fq(z) is
unramiﬁed—a contradiction).
Denote by P the unique place of Fq(u) lying above P0. Since P |P0 is totally ramiﬁed,
P is a rational place of Fq(u). Choose u˜ ∈ Fq(u) with pole divisor P, then u˜ also
generates the ﬁeld Fq(u). Any automorphism  ∈ Gal(Fq(u)/Fq(z)) ﬁxes the place P,
so (u˜) = c · u˜ + d with c, d ∈ Fq . Then i (u˜) = ci · u˜ + di for all i1 (with
some element di ∈ Fq ), and since pr = id we conclude that cp
r
 = 1, hence c = 1.
The map
Gal(Fq(u)/Fq(z)) → Fq
 → d
(with (u˜) = u˜+ d) is then a monomorphism from Gal(Fq(u)/Fq(z)) onto an additive
subgroup U ⊆ Fq , hence Gal(Fq(u)/Fq(z)) is elementary abelian of type (p, . . . , p).
The polynomial
℘(T ) :=
∏
d∈U
(T − d) ∈ Fq [T ]
is an additive polynomial of degree pr (since U is an additive subgroup of Fq , cf. [12,
III.7.9]), and the element
w := ℘(u˜) =
∏
d∈U
(u˜ − d)
is invariant under Gal(Fq(u)/Fq(z)). It follows that w ∈ Fq(z), and since the pole order
of w at the place P is equal to pr = [Fq(u) : Fq(z)], we conclude that Fq(w) = Fq(z).
Thus we have proved item (ii) and all claims stated at the end of Lemma 6.1.
(ii) ⇒ (i): Let u˜ and ℘(T ) be as in (ii). It is clear that the polynomial h(T ) :=
℘(T ) − ℘(u˜) ∈ Fq(z)[T ] is the irreducible polynomial of u˜ over Fq(z). The equation
℘(T ) = 0 has pr distinct roots d ∈ Fq and for any such d we have h(u˜ + d) =
℘(u˜ + d) − ℘(u˜) = ℘(u˜) + ℘(d) − ℘(u˜) = ℘(d) = 0. Hence h(T ) = 0 has pr roots
in Fq(u) and the extension Fq(u)/Fq(z) is Galois. 
Combining Theorem 4.1 and Lemma 6.1 we obtain the following result:
Theorem 6.2. Let F be a tower over Fq which can be described recursively by the
equation f (Y ) = g(X), with rational functions f (T ) and g(T ) in Fq(T ) satisfying
deg f (T ) = deg g(T ) = pr , where p denotes the characteristic of Fq . Denote by F =
Fq(x, y) the corresponding basic function ﬁeld. Suppose that both extensions F/Fq(x)
and F/Fq(y) are Galois. Then there exist monic additive polynomials ℘1(T ), ℘2(T ) ∈
Fq [T ] of degree pr having all roots in Fq and non-singular matrices A,B ∈ GL(2, Fq)
such that the tower F can be described recursively by the equation
℘2(Y ) = A · ℘1(B · X).
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A typical example for Theorem 6.2 is the tower F5 from Example 3.5 which is given
recursively by Eq. (3.8):
Yq + Y = X
q
Xq−1 + 1 .
Setting ℘1(T ) := ℘2(T ) := T q + T we see that
℘2(Y ) = A · ℘1(B · X) with A = B =
(
0 1
1 0
)
.
For Artin–Schreier extensions of degree p we can sharpen Lemma 6.1 and thereby
we obtain a stronger version of Theorem 6.2:
Lemma 6.3. Let Fq(u) ⊇ Fq(z) be an extension of rational function ﬁelds of degree
[Fq(u) : Fq(z)] = p = char(Fq). Then the following conditions are equivalent:
(i) The extension Fq(u)/Fq(z) is Galois.
(ii) There exists an element u1 ∈ Fq(u) such that up1 −u1 ∈ Fq(z) and Fq(u1) = Fq(u).
(iii) There exists an element u2 ∈ Fq(u) and an element 0 = a ∈ Fq such that Fq(u2) =
Fq(u) and up2 − ap−1u2 ∈ Fq(z).
(iv) For all elements 0 = b ∈ Fq there is some element u3 ∈ Fq(u) such that Fq(u3) =
Fq(u) and up3 − bp−1u3 ∈ Fq(z).
Proof. It is sufﬁcient to prove the implications (i) ⇒ (iii) ⇒ (iv).
(i) ⇒ (iii): Let Fq(u)/Fq(z) be Galois of degree p. By Lemma 6.1 there is an element
u˜ with Fq(u˜) = Fq(u) and a polynomial ℘(T ) = T p − cT with 0 = c ∈ Fq such that
℘(u˜) ∈ Fq(z) and ℘(T ) = T p −cT = T (T p−1−c) = 0 has all roots in Fq . This means
that c = ap−1 for some a ∈ Fq\{0}. The element u2 := u˜ therefore has the desired
properties.
(iii) ⇒ (iv): We now assume that there is an element u2 ∈ Fq(u) with Fq(u2) = Fq(u)
and an element 0 = a ∈ Fq such that up2 − ap−1u2 ∈ Fq(z). Let b ∈ Fq\{0} be given.
We then set u3 := a−1bu2 and obtain
u
p
3 − bp−1u3 = a−p bp up2 − bp−1 a−1 b u2 = a−p bp (up2 − ap−1u2),
hence Fq(u3) = Fq(u) and up3 − bp−1u3 ∈ Fq(z). 
Theorem 6.4. Let F be a tower over Fq which can be described recursively by the
equation f (Y ) = g(X), with rational functions f (T ) and g(T ) in Fq(T ) satisfying
deg f (T ) = deg g(T ) = p, where p denotes the characteristic of Fq . Denote by F =
Fq(x, y) the corresponding basic function ﬁeld. Suppose that both extensions F/Fq(x)
and F/Fq(y) are Galois. Let 0 = e ∈ Fq and set
℘(T ) := T p − ep−1T ∈ Fq [T ].
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Then the tower F is a ℘-tower; more precisely, the tower can be described recursively
by one of the following equations:
℘(Y ) =
⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
a
℘(X) + b + c (Case 1),
a · ℘
( 
X
)
+ b (Case 2),
a
℘ (/X) + b + c (Case 3)
with a, b, c,  ∈ Fq and a = 0,  = 0. In Case 1 we can further assume that  ∈ Fp,
and in Case 2 we can assume that a ∈ Fp.
Proof. By Theorem 4.3 and Lemma 6.3 we can describe the tower F recursively by
an equation
℘(Y ) = A · ℘(B · X) with A,B ∈ GL(2, Fq),
where ℘(T ) = T p − ep−1T as above. This means that
℘(Y ) =
a · ℘
(
X + 
X + 
)
+ b
c · ℘
(
X + 
X + 
)
+ d
with ad = bc and  = . (6.1)
We distinguish four possible cases:
Case 1: c = 0 and  = 0. We may assume that c = 1 and obtain from Eq. (6.1)
℘ (Y ) = a1 · ℘(1X + 1) + b1
℘(1X + 1) + d1
= a1 · ℘(1X) + b2
℘(1X) + d2
= a2
℘(1X) + d2 + b3
with certain elements ai, bj , · · · ∈ Fq .
Case 2: c = 0 and  = 0. Now we may assume that  = 1 and obtain from
Eq. (6.1)
℘(Y ) = a1 · ℘
(
X + 
X + 
)
+ b1.
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We substitute Y = Y˜ −  and X = X˜ − . This gives
℘ (Y˜ ) − ℘() = a1 · ℘
(
1X˜ + 1
X˜
)
+ b1
= a1 · ℘
(
2
X˜
+ 2
)
+ b1
= a1 · ℘
(
2
)+ a1 · ℘
(
2
X˜
)
+ b1,
hence
℘(Y˜ ) = a1 · ℘
(
2
X˜
)
+ b2
with ai, bj , · · · ∈ Fq .
Case 3: c = 0 and  = 0, and we may assume that c =  = 1. In this case, Eq.
(6.1) gives
℘ (Y ) =
a · ℘
(
X + 
X + 
)
+ b
℘
(
X + 
X + 
)
+ d
=
a · ℘
(
1
X +  + 1
)
+ b
℘
(
1
X +  + 1
)
+ d
=
a · ℘
(
1
X + 
)
+ b1
℘
(
1
X + 
)
+ d1
= a2
℘
(
1
X + 
)
+ d1
+ b2.
We substitute Y = Y˜ −  and X = X˜ −  and ﬁnd
℘(Y˜ ) = a2
℘
(
1
X˜
)
+ d1
+ b3,
as desired.
Case 4: c =  = 0. In this case, Eq. (6.1) yields
℘(Y ) = a1 · ℘(1X + 1) + b1 = a1 · ℘(1X) + b2. (6.2)
We have shown in [2, Proposition 4.5] that Eq. (6.2) does not deﬁne a tower.
It is clear that in Cases 1–3 the constants a and  are non-zero. Assume now that
in Case 1 the recursive equation of the tower is
℘(Y ) = a
℘(X) + b + c with  ∈ Fp. (6.3)
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Then ℘(X) =  · ℘(X), and we can rewrite Eq. (6.3) as
℘(Y ) = C · ℘(X) with a matrix C ∈ GL(2, Fq).
For some n1 we have Cn = id, and as in the proof of Theorem 5.2 we conclude
that Eq. (6.3) does not deﬁne a tower.
Finally we consider Case 2 and assume that a ∈ Fp. Then the deﬁning equation of
F is
℘(Y ) = ℘
(a
X
)
+ b, (6.4)
hence ℘(Y − a/X) = b. This shows that Eq. (6.4) is not absolutely irreducible,
contrary to our deﬁnition of recursive towers. 
As an application of Theorem 6.4 we obtain a complete list of all (f, g)-towers with
deg f = deg g = 2 over the ﬁeld F2 with two elements. By Theorem 6.4 such a tower
can be described recursively by an equation
Y 2 + Y = 1(
1
X
)2
+
(
1
X
)
+ b
+ c (6.5)
with b, c ∈ F2.
For b = c = 0, Eq. (6.5) becomes
Y 2 + Y = 1(
1
X
)2
+
(
1
X
) = X2
X + 1 .
This is the tower F5 from Example 3.5 for q = 2. It attains the Drinfeld–Vladut bound
over F4.
Next we consider the case b = 0, c = 1. Then Eq. (6.5) becomes Y 2 + Y =
(X2 + X + 1)/(X + 1), and with the transformation X˜ = X + 1, Y˜ = Y + 1 we obtain
Y˜ 2 + Y˜ = X˜ + 1 + 1
X˜
.
This tower was considered in Example 3.6; it is asymptotically good over the ﬁeld F8.
Similarly for b = 1, c = 0 we get the equation
Y 2 + Y = X
2
X2 + X + 1 .
This tower was considered in Example 3.10; it is dual to the previous tower, and hence
it is asymptotically good over F8.
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Finally, for b = c = 1 we ﬁnd the equation
Y 2 + Y = X + 1
X2 + X + 1 .
With the substitution Y˜ = Y + 1, X˜ = X + 1 this gives
Y˜ 2 + Y˜ = X˜
X˜2 + X˜ + 1 . (6.6)
This equation has not yet been considered in the literature. It would be interesting
to study the tower F which is recursively deﬁned by Eq. (6.6). In particular: is F
asymptotically good over Fq with q = 2s , for some s1?
7. Some non-Galois f-towers
The concept of an f-tower is useful not only in case the extensions F/Fq(x) and
F/Fq(y) are Galois (with F = Fq(x, y) denoting the corresponding basic function
ﬁeld). In this section we consider a situation where both these extensions are non-
Galois. Among other things, this leads to a more natural representation and a better
understanding of the towers in Examples 3.7 and 3.8.
Let us consider in more details the tower in Example 3.8, which is given recursively
by the equation f (Y ) = g(X) with
f (Y ) = 1 − Y
Yq
and g(X) = X
q + X − 1
X
. (7.1)
We set z := f (y) = g(x).
Remark 7.1. There are places P,Q of Fq(z) and places P˜ , Q˜ of Fq(x) with P˜ |P and
Q˜|Q such that
e(P˜ |P) = q and e(Q˜|Q) = q − 1;
indeed, this follows from the fact that the element z − 1 = (x − 1)q/x has a zero of
order q and a pole of order q − 1 in Fq(x). Also, there are places R, S of Fq(z) and
places R˜, S˜ of Fq(y) with R˜|R and S˜|S such that
e(R˜|R) = q and e(S˜|S) = q − 1.
This shows that the extensions Fq(x)/Fq(z) and Fq(y)/Fq(z) have a similar ramiﬁcation
structure.
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Keeping the Remark 7.1 in mind, we return to the general case of an (f, g)-tower
F over Fq . We begin with an analogue of Lemmas 5.1 and 6.1.
Lemma 7.2. Let F(u) ⊇ F(z) be an extension of rational function ﬁelds of degree
[F(u) : F(z)] = q > 1, and assume that p = char(F) divides q. Set
h(T ) := T q − T q−1 ∈ F[T ].
Assume that there are places P˜ and Q˜ of F(u) such that
e(P˜ |P) = q and e(Q˜|Q) = q − 1,
where P and Q denote the restrictions of P˜ and Q˜ to the subﬁeld F(z). Then there is
an element u˜ ∈ F(u) such that F(u˜) = F(u) and h(u˜) ∈ F(z).
Proof. Let P, Q, P˜ , Q˜ be as in the lemma. It follows from the Hurwitz genus formula
that all these places are rational. We choose a generator z˜ of F(z) whose principal
divisor in the ﬁeld F(z) is
(z˜)F(z) = Q − P.
Then the principal divisor of z˜ in F(u) has the form
(z˜)F(u) = (q − 1)Q˜ + Q˜1 − qP˜ (7.2)
with another place Q˜1 of F(u) of degree one. We can choose an element u˜ ∈ F(u)
with the following properties: the pole of u˜ in F(u) is P˜ , the zero of u˜ is Q˜ and the
zero of u˜ − 1 is Q˜1. We then consider the element h(u˜) = u˜q − u˜q−1 = u˜q−1(u˜ − 1).
Its principal divisor in the ﬁeld F(u) is by construction
(h(u˜))F(u) = (q − 1)Q˜ + Q˜1 − qP˜ , (7.3)
and it follows from Eqs. (7.2) and (7.3) that h(u˜) = c · z˜ for some 0 = c ∈ F. 
Combining Lemma 7.2 and Theorem 4.3 we obtain immediately:
Theorem 7.3. Let F be an (f, g)-tower over F such that deg f (T ) = deg g(T ) =
q > 1 and suppose that the characteristic of F divides q. Denote by F = F(x, y) the
corresponding basic function ﬁeld with f (y) = g(x) =: z. Assume that both extensions
F(x)/F(z) and F(y)/F(z) satisfy the assumptions of Lemma 7.2; i.e., there are places
P, Q, R, S of F(z) and P˜ , Q˜ of F(x) and R˜, S˜ of F(y) with P˜ |P , Q˜|Q, R˜|R and
S˜|S whose ramiﬁcation indices are
e(P˜ |P) = e(R˜|R) = q and e(Q˜|Q) = e(S˜|S) = q − 1.
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Set h(T ) := T q − T q−1. Then the tower F is an h-tower over F; i.e., F can be
described recursively by the equation
h(Y ) = A · h(B · X)
for suitable matrices A,B ∈ GL(2, F).
As an example for Theorem 7.3 we consider once again the tower F8 from Example
3.8 which is deﬁned by f (Y ) = g(X) with f (Y ) and g(X) as in Eq. (7.1). It follows
from Remark 7.1 and Theorem 7.3 that the tower F8 is an h-tower; indeed, setting
Y˜ = 1/Y and X˜ = 1/X, Eq. (7.1) becomes
h(Y˜ ) = 1 + X˜
q−1 − X˜q
X˜q−1
= 1 − 1
h
(
X˜
X˜ − 1
) .
Hence the tower F8 can also be described recursively by the equation
h(Y ) = 1 − 1
h
(
X
X − 1
) = A · h(B · X) (7.4)
with
A =
(
1 −1
1 0
)
and B =
(
1 0
1 −1
)
.
An important step in [4] is to show that the tower F8 = (F0, F1, F2, . . .) over Fq3
has the following property: there are q2 + q rational places of the ﬁeld F0 which split
completely in all extensions Fn/F0, for n1. Using the recursive description of F8
by Eq. (7.4) we can give a much simpler proof of this property than the proof in [4]
which is based on the recursive description of F8 by Eq. (7.1). First of all we have
the following polynomial identity which can be checked easily:
(T − 1)q2+q+1 + 1 = T ·
(
h(T )q+1 − h(T ) + 1
)
. (7.5)
Denoting by Fq the algebraic closure of Fq , we then deﬁne the set  ⊆ Fq by
 := { ∈ Fq ; ( − 1)q2+q+1 = −1}\{0}. (7.6)
It is clear that  ⊆ Fq3 and that the cardinality of  is q2 + q.
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Recall that the function x0 ∈ F0 is a generator of the rational function ﬁeld F0/Fq3 ,
see Deﬁnition 2.2. We want to show that the zero of x0−, for  ∈ , splits completely
in all extensions Fn/F0 (which proves the desired property of the tower F8). By Eq.
(7.4) it is enough to prove the following claim:
Claim. Let  ∈ Fq be an element such that
h() = 1 − 1
h
(

 − 1
) f or some  ∈ . (7.7)
Then the element  also belongs to the set .
Proof. Let  ∈ , then  := /(− 1) ∈  by the deﬁnition in (7.6). We now consider
an element  ∈ Fq which satisﬁes Eq. (7.7), so
h() = 1 − 1
h()
for some  ∈ . (7.8)
In order to prove that  ∈  we have to check (by Eq. (7.5)) the identity h()q+1 −
h() + 1 = 0; i.e.,
h()q = h() − 1
h()
. (7.9)
Now
h()q = 1 − 1
h()q
(by (7.8))
= 1 − h()
h() − 1 (since  ∈ )
= 1
1 − h() =
1
1 − 1
1 − h()
(by (7.8))
= h() − 1
h()
.
This proves Eq. (7.9) and ﬁnishes the proof of the claim. 
Remark 7.4. The tower F7 given in Example 3.7 is asymptotically good over the
quadratic ﬁeld Fq2 , and by Theorem 7.3 it can also be described by an equation
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h(Y ) = A · h(B · X) with h(T ) = T q − T q−1 and with matrices A,B ∈ GL(2, Fq2).
One checks that this equation is
h(Y ) = 1
h
(
X
X − 1
) . (7.10)
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